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Abstract
We study the temperature dependence of the pion decay constant and
ρ-meson mass in the hidden local symmetry model at one loop. Using the
standard imaginary time formalism, we include the thermal effect of ρ meson
as well as that of pion. We show that the pion gives a dominant contribu-
tion to the pion decay constant and ρ-meson contribution slightly decreases
the critical temperature. The ρ-meson pole mass increases as T 4/m2ρ at low
temperature dominated by the pion-loop effect. At high temperature, al-
though the pion-loop effect decreases the ρ-meson mass, the ρ-loop contribu-
tion overcomes the pion-loop contribution and ρ-meson mass increases with
temperature. We also show that the conventional parameter a is stable as the
temperature increases.
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I. INTRODUCTION
One of the most remarkable feature of QCD in the low energy is that the approximate
chiral symmetry is spontaneously broken, and the approximate Nambu-Goldstone (NG) bo-
son appears. The pion is regarded as the NG boson and the resultant low energy theorems
successfully reproduce the low energy physics of pions. In the hot and/or dense matter, how-
ever, the quark condensate melts at some critical point, and the chiral symmetry is restored.
This chiral phase transition was widely studied (for recent reviews, see e.g., Refs. [1–3]).
Several experiments such as RHIC are planned to measure the effects in hot and/or dense
matter. One of the interesting quantities in the hot and/or dense matter is the change of ρ-
meson mass. In Refs. [2,4] it was proposed that the ρ-meson mass scaled like the pion decay
constant in the hot and/or dense matter, and vanished at chiral phase transition point. The
low temperature theorem for ρ-meson was obtained by using the current algebra [5], which
showed that the ρ-meson mass was stable in the low temperature region. The thermal pion
effect to ρ-meson mass was studied by using the effective theories [6], and it was shown that
the ρ meson mass slightly increased with the temperature. On the other hand, the thermal
effect of nucleon was shown to give a negative contribution. [7] However, the thermal effects
of ρ-meson itself was not included in these analysis. In Ref. [8] the thermal effects of heavier
mesons to the quark condensate were included into the chiral perturbation analysis by using
the dilute gas approximation. The ρ meson seems to give a non-negligible effect near critical
temperature. Then, it is interesting to see the thermal effect of ρ meson, especially to the
ρ-meson mass, by including it systematically.
To include the thermal ρ-meson effect systematically it is convenient to use the effective
Lagrangian of the pion and the ρ-meson. There are several models which include pion and
ρ meson, among which we study the hidden local symmetry model. [9] For the parameter
choice a = 2 this model successfully predicts the following phenomenological facts [10]: the
ρ-coupling universality, gρππ = g [11]; the KSRF relation (II), m
2
ρ = 2g
2
ρππf
2
π [12]; the ρ-
meson dominance of the electromagnetic form factor of the pion, gγππ = 0 [11]. Moreover,
we obtain the KSRF (I) relation, gρ = 2f
2
πgρππ [12] as a “low energy theorem” of hidden
local symmetry [13], which was first proven at tree level [14] and then at any loop order
[15]. One loop corrections to the above predictions were studied in the Landau gauge [16].
The systematic loop expansion like chiral perturbation was studied in Ref. [17], where the
expansion was done by regarding the ρ-meson as a light particle.
In this paper we study the temperature dependence of the pion decay constant and the
ρ-meson mass by using the hidden local symmetry model at one loop. It is also interesting to
see the temperature dependence of the parameter a, which is related to the above successful
phenomenological predictions. One-loop calculation will be done by using the standard
imaginary time formalism. [18] The renormalization is done in the low energy limit as shown
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in Ref. [16].
This paper is organized as follows. In section II, we briefly review the hidden local sym-
metry, and introduce an Rξ-like gauge-fixing term and the corresponding ghost Lagrangian.
In section III, we show the temperature dependence of the pion decay constant at finite
temperature. The temperature dependence of the parameter a is also studied. Section IV is
devoted to study the temperature dependence of the ρ-meson mass by using the on-shell–like
renormalization condition. Finally, the summary and discussion are given in section V. To
avoid complexity, the polarization tensors at finite temperature and complicated functions
are summarized in Appendices A and B, respectively. We also study the ρ-meson propagator
at finite temperature in Appendix C.
II. HIDDEN LOCAL SYMMETRY
Let us start with the [SU(N)L × SU(N)R]global×[SU(N)V]local “linear” model. [10] We
introduce two SU(N)-matrix valued variables, ξL(x) and ξR(x), which transform as
ξL,R(x)→ ξ′L,R(x) = h(x)ξL,R(x)g†R,L , (1)
where h(x) ∈ [SU(N)V]local and gL,R ∈ [SU(N)L,R]global. These variables are parameterized
as
ξL,R(x) ≡ eiσ(x)/fσe∓iπ(x)/fpi , [π(x) ≡ πa(x)Ta , σ(x) ≡ σa(x)Ta] , (2)
where π and σ are the pion and the “compensator” (would-be Nambu-Goldstone field) to
be “absorbed” into the hidden gauge boson (the ρ meson), respectively, and fπ and fσ are
the corresponding decay constants in the chiral symmetric limit. The covariant derivatives
are defined by
DµξL ≡ ∂µξL − igVµξL + iξLLµ ,
DµξR ≡ ∂µξR − igVµξR + iξRRµ , (3)
where g is the gauge coupling constant of the hidden local symmetry, Vµ (≡ V aµ Ta) the hidden
gauge boson field (the ρ meson), and Lµ and Rµ denote the external fields gauging the
[SU(N)L]global and [SU(N)R]global, respectively. The Lagrangian of [SU(N)L × SU(N)R]global
× [SU(N)V]local “linear” model is given by [9,10]‡
‡The massive Yang-Mills approach [19] gives Lagrangian of the same form if we take unitary gauge
of hidden local symmetry. This is equivalent to the hidden local gauge method at tree level.
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L = f 2πtr
[
(αˆµ⊥)
2
]
+ af 2πtr
[(
αˆµ‖
)2]− 1
2
tr [VµνV
µν ] , (4)
where a is a constant, and αˆµ⊥ and αˆµ‖ are the covariantized Maurer-Cartan one-forms [14]:
αˆµ⊥ ≡ DµξL · ξ
†
L −DµξR · ξ†R
2i
,
αˆµ‖ ≡ DµξL · ξ
†
L +DµξR · ξ†R
2i
. (5)
Normalizing the kinetic term of σ, we find [20]
f 2σ = af
2
π . (6)
For the parameter choice a = 2 at tree level, this model predicts the following phenomeno-
logical facts [10]:
1. gρππ = g (universality of the ρ-coupling) [11];
2. m2ρ = 2g
2
ρππf
2
π (KSRF II) [12];
3. gγππ = 0 (ρ-meson dominance of the electromagnetic form factor of the pion) [11].
Moreover, independently of the parameter a, this model predicts the KSRF relation [12]
(version I)
gρ = 2f
2
πgρππ (7)
as a “low energy theorem” of hidden local symmetry [13], which was first proven at tree
level [14] and then at any loop order [15].
In this paper, to consider the loop effects of hidden local symmetry, we introduce an
Rξ-gauge-like [21] gauge-fixing and a Faddeev-Popov ghost Lagrangian corresponding to the
hidden local gauge boson. These are given by [16]
LGF+FP = − 1
α
tr [(∂µVµ)] +
i
2
agf 2πtr
[
∂µVµ
(
ξL − ξ†L + ξR − ξ†R
)]
+
1
16
αa2g2f 4π
{
tr
[(
ξL − ξ†L + ξR − ξ†R
)2]− 1
N
(
tr
[
ξL − ξ†L + ξR − ξ†R
])2}
+ i tr
[
C¯
{
2∂µDµC +
1
2
αag2f 2π
(
CξL + ξ
†
LC + CξR + ξ
†
RC
)}]
, (8)
where α denotes a gauge parameter and C denotes a ghost field. In this paper we choose the
Landau gauge, α = 0. In this gauge the would-be Nambu-Goldstone (NG) boson σ is still
massless, no other vector-scalar interactions are created and the ghost field couples only to
the hidden local gauge field.
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The renormalization is done by introducing counter terms. [16,17] Here following Ref. [16],
we use the Z factors defined by
g0 = Zgg , V0µ = Z
1/2
V Vµ ,
π0 = Z
1/2
π π , σ0 = Z
1/2
σ σ ,
fπ0 = Z
1/2
π fπ , fσ0 = Z
1/2
σ fσ .
(9)
We renormalize the theory at zero temperature, then the corrections from the thermal pion,
ρ meson, and so on are calculated to be finite.§
III. THE TEMPERATURE DEPENDENCE OF DECAY CONSTANTS
In this section we study the temperature dependences of the decay constants of pion and
sigma. We also study the temperature dependence of the parameter a, which is related to
the successful phenomenological predictions of hidden local symmetry.
To define the pion decay constant at finite temperature, we consider a Green function
for the axial-vector current Aµa
δabG
µν
A (p0, ~p;T ) ≡ F.T.〈0|AµaAνb |0〉T . (10)
Since the axial-vector current is conserved, we can decompose this Green function into
longitudinal and transverse pieces:
GµνA (p0, ~p;T ) = P
µν
T GAT + P
µν
L GAL , (11)
where polarization tensors PL and PT are defined in Eq. (A1). It is natural to define the
pion decay constant at finite temperature through the longitudinal component in the low
energy limit∗∗: [22]
f 2π(T ) ≡ − limp0→0GAL(p0, ~p = 0) . (12)
There are two types of contributions to this Green function in our model: (i) the pion
exchange diagrams, and (ii) the contact or one-particle irreducible (1PI) diagrams. The
§To perform the complete renormalization at one loop, we need higher order counter terms. [17]
However, for the quantities we are studying in this paper, the counter terms induced from Z-factors
in Eq. (9) are enough to renormalize the divergences. Then we do not explicitly introduce such
higher order counter terms here.
∗∗Even when we use the transverse part instead of the longitudinal part to define fπ(T ) in Eq. (12),
we obtain the same result: GAT (p0, ~p = 0) = GAL(p0, ~p = 0).
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contribution (i) is proportional to pµ or pν at one loop. At most only one of the A
µ
a-π coupling
can be corrected at one loop, which is not generally proportional to four momentum pµ. The
other coupling is the tree-level one and proportional to pµ. When we act with the projection
operator PLµν , the term proportional to pµ vanishes. Due to the current conservation we
have same kinds of contributions from 1PI diagrams: those are roughly proportional to gµν
instead of pµ. Then we will calculate only the 1PI diagrams.
pi
(b)(a)
ρ
pi
(c)
pi
σ
A A
FIG. 1. Feynman diagrams contributing to the one particle irreducible part of the axial-vector
current two-point function.
There exist three 1PI diagrams which contribute to GµνA at one-loop level: (a) π+ρ loop,
(b) π+σ loop, (c) π tad-pole, which are shown in Fig. 1. These diagrams include ultraviolet
divergences, which are renormalized by Zπ in Eq. (9). By taking a suitable subtraction
scheme at zero temperature, all the divergences including finite corrections in the low energy
limit are absorbed into Zπ. [15,16] Then the loop diagrams generate only the temperature
dependent part. By using standard imaginary time formalism [18] we obtain
G
(a)
AL(p0, ~p = 0) =
N
2
a
π2
[
5
6
I2 − J21 +
1
3m2ρ
(
I4 − J41
)]
,
G
(b)
AL(p0, ~p = 0) =
N
2
a
6π2
I2 , (13)
G
(c)
AL(p0, ~p = 0) =
N
2
1− a
π2
I2 ,
where the functions In and J
n
m are defined in appendix B. If we saw diagrams naively, we
might think the diagram (c) gives the dominant contribution. However, each diagram does
generate the dominant contribution I2 = (π
2/6)T 2. Nevertheless, we see from Eq. (13) that
the terms proportional to aI2 are cancelled among three diagrams. The total contribution
is given by
f 2π(T ) = f
2
π −
N
2
1
π2
[
I2 − aJ21 +
a
3m2ρ
(
I4 − J41
)]
. (14)
When we take mρ →∞ limit in the above expression, only the I2-term remains;
[
fChPTπ (T )
]2
= f 2π −
N
2
I2
π2
= f 2π −
N
12
T 2 , (15)
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which is consistent with the result given by Gasser-Leutwyler. [23]
We show the temperature dependence of fπ(T ) by a solid line in Fig. 2, where we use
fπ = 93MeV, mρ = 770MeV, a = 2 and N = 2. (We use same values for numerical
analysis below.) The chiral perturbation prediction Eq.(15) is shown by a dotted line in
Fig. 2. Figure 2 shows that the pion loop gives a dominant contribution and ρ-meson loop
generates a small correction. The situation is similar to the quark condensate in the chiral
perturbation analysis. [8]
0
20
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100
0 50 100 150 200 250
T (MeV)
fpi(T)
FIG. 2. The temperature dependence of the pion decay constant. The solid line denotes the
total contribution, fπ(T ) in Eq. (14) and the dotted line denotes the mρ →∞ limit (Eq. (15)).
We should notice that the term proportional to I4 corresponds to a part of two-loop order
effects in the ordinary chiral perturbation theory. The two-loop order effects are divided into
two types of diagrams: one is two-loop diagram which includes O(p2) vertices only and the
other is one-loop diagram which includes only one O(p4) vertex. In chiral perturbation
theory the O(p4) vertices are parameterized by ℓ1 and ℓ2 [24], which are saturated by the
effect of ρ meson. [25] Then the I4 term generated by ρ meson may be a good approximation
to O(p4) contribution in the chiral perturbation theory.
Next, we study the temperature dependence of fσ. Similar to the case of fπ, we start
with a Green function for the vector current:
δabG
µν
V (p0, ~p;T ) ≡ F.T. 〈0|VµaVνb |0〉T . (16)
There are three types of contributions: (i) 1PI diagrams; (ii) the σ-exchange diagrams; (iii)
the ρ-exchange diagrams. We have no strict definition of fσ(T ) like fπ(T ) in Eq. (12), since
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σ is not a physical particle. The σ is a would-be Nambu-Goldstone boson which is absorbed
into ρ meson. In the Landau gauge, the ρ-exchange contribution is separately conserved,††
as we can show easily by using the ρ propagator (C10). From the conservation of whole
current, the sum of 1PI and σ-exchange diagrams are conserved. Then, it is reasonable to
define fσ(T ) like Eq. (12) through only the 1PI and σ-exchange diagrams:
f 2σ(T ) ≡ − limp0→0G
(1PI+σ)
VL (p0, ~p = 0;T ) . (17)
As discussed below Eq. (12) for fπ(T ), it is enough to calculate the 1PI diagrams to determine
the temperature dependence of fσ(T ).
σ
σ
(d)
pi
(b)(a)
σ
ρ
V V
pi
pi
(c)
FIG. 3. Feynman diagrams for the one particle irreducible part of the vector current two-point
function.
There are four diagrams which contribute to the 1PI part of GµνV at one loop, which are
shown in Fig. 3. We note that we do not have σ tad-pole contribution, since there is no
σ-σ-V-V type vertex at tree level. These four diagrams lead to the temperature dependence
given by
f 2σ(T ) = f
2
σ −
N
2
1
π2
[
a2 + 8a+ 3
12
I2 − J21 +
1
3m2ρ
(
I4 − J41
)]
. (18)
The parameter a at finite temperature is given by a(T ) = f 2σ(T )/f
2
π(T ) (see Eq. (6)).
Using the temperature dependence of fπ and fσ given in Eqs. (14) and (18), we obtain the
temperature dependence of the parameter a:
††At tree level, the ρ-γ mixing is proportional to gµν . One-loop effects at finite temperature violate
this structure, and generally the ρ-γ mixing is decomposed into four independent polarizations:
ΠµνρV = P
µν
T ΠρVT + P
µν
L ΠρVL + P
µν
C ΠρVC + P
µν
D ΠρVD, where the polarization tensors are given in
Eq. (A1). In the low momentum limit we can easily show that ΠρVC vanishes. Since PDµαP
αν
L =
PDµαP
αν
T = PLµαP
αν
T = 0, PTµαP
αν
T = −P νTµ and PLµαPανL = −P νLµ, the ρ meson exchange
diagrams generate only the terms proportional to PLµν and PTµν to the vector-current two-point
function. These polarization tensors vanish if they are multiplied by pµ. This implies that the
contribution from the ρ-meson exchange diagrams vanishes if it is multiplied by pµ, and then both
the ρ-meson exchange diagrams and σ-exchange plus 1PI diagrams conserve separately.
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a(T )
a(0)
= 1 +
N
2
1
π2f 2π
[
−(a− 1)(a− 3)
12a
I2 +
1− a2
a
J21 −
1− a2
3am2ρ
(
I4 − J41
)]
. (19)
We show the temperature dependence of the parameter a in Fig. 4, where we take a(0) = 2.
The parameter a does not change very much against the temperature, i.e., a(T ) ≃ 2 for
wide range of the temperature. It was shown [16] that at zero temperature one-loop effects
did not generate the direct γππ vertex if and only if we took a parameter choice a = 2.
The fact that a(T ) ≃ 2 for wide range may suggest that the successful phenomenological
predictions of hidden local symmetry discussed in section II hold at finite temperature in
good approximation. We should note that if we take a = 1 from the beginning the parameter
a does not change with temperature. Together with the fact that the parameter a is not
renormalized for the parameter choice a = 1, this implies that in the “vector limit” [26] the
thermal effects of the ρ meson do not induce deviation from a = 1.
0
1
2
3
0 50 100 150 200 250
T (MeV)
a(T)
FIG. 4. The temperature dependence of the parameter a.
IV. THE TEMPERATURE DEPENDENCE OF ρ MESON MASS
In this section we study the temperature dependence of ρ-meson mass. As we show in
Appendix C, the ρ and σ propagators are separated with each other in the Landau gauge,
and the ρ propagator takes easy form:‡‡
‡‡Shiomi and Hatsuda [7] used similar form, where they started from the Steukelberg formalism.
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Dµν = − PTµν
p2 −m2ρ +ΠT
− PLµν
p2 −m2ρ +ΠL
. (20)
It is reasonable to define the ρ-meson mass by using the longitudinal part.§§
pi
pi
ρ ρ
σ
σ
ρ
ρ
(c)(b)(a)
C
C
(e)
ρ
(d)
FIG. 5. Feynman diagrams contributing to the ρ-meson self-energy: a) π loop, b) σ loop, c) ρ
loop, d) ρ tad-pole and e) ghost loop.
The one-loop diagrams contributing ρ meson self-energy are shown in Fig. 5. In Ref. [16],
the finite term of ZVZ
2
g was determined but each finite term of ZV and Zg was not determined
separately. We introduce the parameter z for expressing this finite term as
ZV − 1 = g
2
(4π)2
[
51− a2
12
{
1
ǫ
− lnm2ρ +
5
6
}
+ z
]
,
Zg − 1 = g
2
(4π)2
[
−87− a
2
24
{
1
ǫ
− lnm2ρ +
5
6
}
− z
2
]
. (21)
Adding all the contributions we obtain
ΠρL(p;T = 0) =
N
2
g2
(4π)2
m2ρ
[
zδ − 37
4
− 1
6δ
− 71
24
δ +
11a2
72
δ +
δ(1− δ2)
12
ln(−δ)− a
2
12
δ ln(−δ)
+
(4− δ)2(12 + 20δ + δ2)
6
√
4− δ√δ tan
−1
√
δ
4− δ −
(1− δ)3(1 + 10δ + δ2)
6δ2
ln(1− δ)
]
, (22)
where δ is defined by δ ≡ p2/m2ρ. By requiring that mρ becomes pole mass:
§§It should be noticed that the transverse polarization agrees with the longitudinal one in the low
momentum limit: ΠρT (p0, ~p = 0;T ) = ΠρL(p0, ~p = 0;T ).
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ReΠρL(p
2 = m2ρ;T = 0) = 0 , (23)
this finite part z is determined as
z =
99
8
− 11
72
a2 − 11
√
3π
4
. (24)
The temperature dependence of the self-energy of ρ meson obtained from the thermal
pion and ρ meson is calculated by using the standard imaginary time formalism. [18] The
temperature dependent parts, ∆Π(p0, ~p;T ) ≡ Π(p0, ~p;T )− Π(p0, ~p;T = 0), are given by
Re∆Π
(a)
ρL (p0, ~p = 0;T ) =
N
2
g2
π2
a2
12
G2 ,
Re∆Π
(b)
ρL(p0, ~p = 0;T ) =
N
2
g2
π2
1
12
G2 ,
Re∆Π
(c)
ρL(p0, ~p = 0;T ) =
N
2
g2
π2
[−(4m2ρ − p20)(m2ρ + p20)
4m2ρ
F 23 +
−4m4ρ + 9m2ρp20 + p40
12m4ρ
F 43 −
1
3m2ρ
F 63
+
(m2ρ + p
2
0)(m
2
ρ − p20)2
m2ρ
H21 +
(m2ρ + p
2
0)(m
2
ρ − p20)2
3m4ρ
H41
+
p20
3m2ρ
{−(m2ρ − p20)(11m2ρ + p20)
m2ρ
K4 − 4K6 + p
2
0
4m2ρ
G2
}]
,
Re∆Π
(d)
ρL (p0, ~p = 0;T ) =
N
2
g2
π2
[
−2J21 −
1
3m2ρ
(
I4 − J41
)]
,
Re∆Π
(e)
ρL(p0, ~p = 0;T ) = −
N
2
g2
π2
1
6
G2 , (25)
where functions F , G, H , I, J and K are defined in Appendix B.
Let us first consider the low temperature region T ≪ mρ. The functions F , H and J are
suppressed by e−mρ/T , and gives negligible contribution. Noting that in the low energy limit
(p0 → 0), G2 → I2 = (π2/6)T 2, we find that the contribution to the ρ-meson propergator at
low energy is order T 2:
∆Π(p0 = 0, ~p = 0;T ) ≈ N
2
g2
72
(a2 − 1)T 2 . (26)
Since a ≃ 2, the low energy mass parameter decreases as T 2. However, on mass-shell of ρ
meson, p0 ≈ mρ, G2 term in (b), (c) and (e) are cancelled and
∆Π(p0 = mρ, ~p = 0;T ) ≈ N
2
g2
π2
a2
12
G2 . (27)
Moreover, since G2 ≈ −π415 T
4
m2ρ
, the ρ-meson mass increases as T 4 at low temperature domi-
nated by pion-loop effect.
10
700
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790
800
0 50 100 150 200 250 300
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Mρ
FIG. 6. The temperature dependence of the pole mass of ρ meson. The dotted line denotes the
pole mass derived from the pion loop contribution only, while the solid line denotes that from the
total contribution.
Next we study the temperature dependence of the pole mass at slightly higher temper-
ature by fully using the expression (25). The pole mass is defined as
M2ρ −m2ρ + ReΠρL(p0 = Mρ, ~p = 0;T ) = 0 . (28)
We show the temperature dependence of the pole mass by a solid line in Fig. 6. For T > 170
MeV there is no solution of Eq. (28) below 1540 MeV when we include all the contributions.
Then the solid line terminates at T ≃ 170MeV. Higher order loop effects may be needed
to study such high temperature region. Until T ≃ 170MeV the mass of ρ meson increases
with temperature. The dotted line denotes the pole mass when we include only the pion
loop, where for consistency we replace z in Eq. (24) with
z = −11
72
a2 . (29)
Figure 6 shows that in the high temperature region the pion-loop correction decreases the
ρ-meson mass, while the ρ loop gives a large positive correction, and as a result the ρ-meson
mass increases slightly with temperature.
V. SUMMARY AND DISCUSSION
In this paper we studied the temperature dependence of the pion decay constant and the
ρ-meson mass by including the thermal pion and ρ-meson effects systematically in the hidden
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local symmetry model. The thermal pion gives a dominant contribution to fπ(T ), and the ρ
meson gives a small correction. The low temperature limit of our result is consistent with the
chiral perturbation prediction. [23] The inclusion of ρ meson may be a good approximation
to O(p4) contribution to chiral perturbation analysis.
We also studied the temperature dependence of the parameter a, which is related to
the successful phenomenological predictions of hidden local symmetry. We showed that the
parameter a was stable as the temperature increased, a(T ) ≃ 2. This may suggest that the
phenomenological predictions of hidden local symmetry holds at finite temperature in good
approximation. Our result shows that the parameter a does not change at all if we take
a = 1 from the beginning. This implies that in the “vector limit” [26] the thermal effects of
the ρ meson do not induce deviation from a = 1.
We calculated the temperature dependence of the mass of ρ meson. We showed that the
low-energy mass parameter decreased as T 2 in the low temperature region. However, the
ρ-meson pole mass increases as T 4 dominated by pion-loop effect, which is consistent with
the result by the current algebra analysis. [5] In the high temperature region pion gives a
negative contribution, while the ρ loop gives a large positive correction, and the ρ-meson
mass increases with temperature. The correction from pion loop in our model does not seem
to agree with previous analysis [6] at slightly higher temperature. The difference between
the result of our model and that of previous models comes from the fact that there is no pion
tad-pole contribution at one loop in our model. The tad-pole diagram gives a relatively large
positive contribution to the ρ-meson mass in the previous models. Instead in our model, ρ
meson gives a positive contribution, and it overcomes the pion-loop contribution. Although
each correction to the ρ-meson mass is small, it is interesting to point out that the ρ-loop
contribution is bigger than the pion-loop contribution for T ≥ 50MeV. Our analysis implies
that the inclusion of ρ meson itself is important to study the temperature dependence of
ρ-meson mass near critical temperature.
In the high temperature region one-loop approximation might be too crude to study the
temperature dependences. Although we can expect that the qualitative structure does not
change, it seems to be interesting to include the higher order effect, for example, by using
the temperature dependent renormalization group analysis [27].
Finally we make a comment on the correction to the ρ-meson mass from the ω-π loop. In
this paper we did not include the anomalous interaction terms such as ω-ρ-π, since they are
O(p4) terms in a chiral counting rule [17] and expected to give higher order effects. The ω-π
loop correction to the ρ-meson self-energy is O(p8), while the ρ-meson loop generates O(p4)
correction. Apparently the ω-π loop does not generate any correction to the low-energy
mass parameter. To the pole mass, there is a suppression factor (g/4π)4 for the ω-π loop
correction compared with the ρ-loop correction, then we expect that the correction is small.
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Appendices
APPENDIX A: POLARIZATION TENSORS
At finite temperature, the polarization tensor is no longer restricted to be Lorentz co-
variant, but only O(3) covariant. Then the polarization tensors can be expressed by four
independent symmetric O(3) tensors. Here we list up the polarization tensors at finite
temperature: [28,29]
PTµν = gµi
(
δij − ~pi~pj|~p|2
)
gjν
=
 PT00 = PT0i = PT i0 = 0 ,PT ij = δij − ~pi~pj|~p|2 ,
PLµν ≡ −
(
gµν − pµpν
p2
)
− PTµν
=
(
gµ0 − pµp0
p2
)
p2
|~p|2
(
g0ν − p0pν
p2
)
,
PCµν ≡ 1√
2 |~p|
[(
gµ0 − pµp0
p2
)
pν + pµ
(
g0ν − p0pν
p2
)]
,
PDµν ≡ pµpν
p2
, (A1)
where pµ = (p0, ~p) is four-momentum.
The following formulae are convenient:
PLµαP
αν
L = −PLµν ,
PTµαP
αν
T = −PTµν ,
PCµαP
αν
C =
1
2
(PLµ
ν + PDµ
ν) ,
PDµαP
αν
D = PDµ
ν ,
PLµαP
αν
T = PCµαP
αν
T = PDµαP
αν
T = PDµαP
αν
L = 0 ,
PCµαP
αν
L = −PDµαP ανC = −
pµ√
2 |~p|
(
gν0 −
p0p
ν
p2
)
. (A2)
For the transversal tensor pµΠ
µν(p) = 0 we can decompose it into
Πµν(p) = PLµνΠL(p) + PTµνΠT (p) , (A3)
where ΠL and ΠT are given by
ΠL =
p2
|~p|2Π00 ,
ΠT = −1
2
{
Πjj +
p20
|~p|2Π00
}
. (A4)
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APPENDIX B: FUNCTIONS
Here we list the functions used in this paper.
Functions used in the expressions of fπ and fσ in Eqs. (14) and (18) are defined as follows;
In(T ) ≡
∫ ∞
0
dk
kn−1
ek/T − 1 = I˜nT
n ,
I˜n =
∫ ∞
0
dy
yn−1
ey − 1 = (n− 1)! ζ(n) ,
I˜2 =
π2
6
, I˜4 =
π4
15
, I˜6 =
8π6
63
,
Jnm(mρ;T ) ≡
∫ ∞
0
dk
1
eω/T − 1
kn
ωm
; n,m : integer ,
ω ≡
√
k2 +m2ρ . (B1)
We also define the functions in the ρ-meson propagator as follows:
F n3 (p0;mρ;T ) ≡
∫ ∞
0
dkP 1
eω/T − 1
4kn
ω(4ω2 − p20)
,
Gn(p0;T ) ≡
∫ ∞
0
dkP k
n−1
ek/T − 1
4k2
4k2 − p20
= In(T ) +
∫ ∞
0
dkP k
n−1
ek/T − 1
p20
4k2 − p20
Hn1 (p0;mρ;T ) ≡
∫ ∞
0
dkP 1
eω/T − 1
kn
ω
1
(m2ρ − p20)2 − 4k2p20
,
Kn(p0;mρ;T ) ≡
∫ ∞
0
dkP k
n−1
ek/T − 1
1
(m2ρ − p20)2 − 4k2p20
, (B2)
where P denotes the principal part.
APPENDIX C: ρ AND σ PROPAGATORS
We introduced an Rξ-like gauge-fixing term (8) for eliminating the tree-level ρ-σ mixing
existing in the Lagrangian (4). Generally, a new ρ-σ mixing is generated by one-loop effects.
At zero temperature one-loop corrections do not generate any corrections to the ρ-σ mixing
when we use the Landau gauge. Here we calculate the ρ-σ mixing at finite temperature.
There are three diagrams contributing to the ρ-σ mixing at one loop in the Landau gauge:
(a) π-loop; (b) π tad-pole; (c) σ tad-pole, which are shown in Fig. 7. These diagrams give
corrections to the ρ-σ mixing given by
Fµ(p0, ~p;T ) =
[(
N(a− 1) + 1
N
)
(a+ 1)g
8π2fσ
I2
]
pµ , (C1)
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where I2 is defined in Eq. (B1). It is remarkable to see that all the contributions are
proportional to four-momentum pµ.
pi
pi
σ
σpi
(b) (c)(a)
ρ
FIG. 7. Diagrams contributing to the ρ-σ mixing at one loop in the Landau gauge.
When ρ-σ mixing is proportional to four-momentum, the inverse-propagator matrix for
ρ and σ, in general, takes the form given by
∆−1(µ,ν) =
 D˜−1σ iFpν
−iFpµ D˜−1µν
 . (C2)
Here D˜−1σ and D˜
−1
µν are inverse σ and ρ propagators before diagonalization. The inverse
ρ propagator D˜−1µν is projected to four polarizations by the polarization tensor given in
Eq. (A1):
D˜−1µν ≡ PTµνΠ˜T + PLµνΠ˜L + PCµνΠ˜C + PDµνΠ˜D . (C3)
After some calculations we obtain the ρ-σ propagator matrix:
∆−1(µ,ν) =

A ip0B ipjC
−ip0B
−ipiC
Dµν
 , (C4)
where
A =
D˜σ
[
Π˜LΠ˜D − (Π˜C)2/2
]
Π˜LΠ˜D − (Π˜C)2/2− p2F 2D˜σΠ˜L
,
B =
D˜σF
[
pΠ˜C/
√
2− p0Π˜L
]
p
[
Π˜LΠ˜D − (Π˜C)2/2− p2F 2D˜σΠ˜L
] ,
C =
D˜σF
[
p0Π˜C/
√
2− pΠ˜L
]
p0
[
Π˜LΠ˜D − (Π˜C)2/2− p2F 2D˜σΠ˜L
] , (C5)
and
Dµν =
PTµν
Π˜T
+
PLµν
[
Π˜D − p2D˜σF 2
]
+ PCµνΠ˜C + PDµνΠ˜L
Π˜LΠ˜D − (Π˜C)2/2− p2F 2D˜σΠ˜L
. (C6)
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In the Rξ gauge, the inverse free propagator of ρ meson is give by
D−10 µν = − (PLµν + PTµν) (p2 −m2ρ) +
p2 − αm2ρ
α
pµpν
p2
, (C7)
where α is the gauge parameter. The inverse full propagator is defined by D−1µν = D
−1
0 µν −
Πµν , where the ρ meson self-energy Π
µν
ρ is expanded by four independent polarization tensors
listed in Eq. (A1):
Πµνρ = P
µν
T ΠρT + P
µν
L ΠρL + P
µν
C ΠρC + P
µν
D ΠρD . (C8)
By using these quantities, four components of the inverse ρ propagator in Eq. (C3) are given
by
Π˜T = −
(
p2 −m2ρ +ΠρT
)
,
Π˜L = −
(
p2 −m2ρ +ΠρL
)
,
Π˜C = −ΠρC ,
Π˜D =
p2 − αm2ρ
α
− ΠρD . (C9)
If we take the Landau gauge α = 0, the ρ-σ propagator matrix reduces to a simple form:
A = D˜σ , B = C = 0 ,
Dµν = − PTµν
p2 −m2ρ +ΠρT
− PLµν
p2 −m2ρ +ΠρL
. (C10)
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